I. INTRODUCTION
Light emitting diode (LED) based visible light systems are well suited for communication and localization in indoor environments due to their attractive property of simultaneous illumination, high speed communications, and positioning [1] , [2] . Unlike radio frequency (RF) based indoor localization services, visible light positioning (VLP) systems can utilize an enormous unregulated visible light spectrum without suffering from interference by RF communications and other LED radiation sources [1] . In addition, high accuracy localization results have been demonstrated for VLP systems in the literature; e.g., [3] , [4] . The aim of this paper is to establish a theoretical framework for direct positioning in both synchronous and asynchronous VLP systems with arbitrary transmitter/receiver orientations.
In the literature, the problem of wireless localization has been treated by employing two classes of approaches, which can be regarded as two-step positioning and direct positioning. Widely applied in RF localization and VLP systems, twostep positioning algorithms extract position related parameters, such as received signal strength (RSS), time-of-arrival (TOA), time-difference-of-arrival (TDOA), and angle-of-arrival (AOA) in the first step, and perform position estimation based on those parameters in the second step [5] . There exist a multitude of applications of indoor VLP systems employing two-step positioning, such as those using RSS [4] , [6] , AOA [7] , hybrid RSS/AOA [8] - [10] , TOA [11] , [12] and TDOA [13] . However, the two-step method can be regarded as a suboptimal solution to the localization problem in general since it does not exploit all the collected data related to the unknown location. On the other hand, direct positioning algorithms are based on utilizing the entire received signal in a one-step process in order to determine the unknown position, as opposed to twostep positioning [14] , [15] .
Although the direct positioning approach has been employed in numerous applications in RF based wireless localization [14] , [16] - [19] and radar systems [20] , [21] , only a limited amount of research has been carried out on the utilization of direct positioning for VLP systems. In [22] , an RSS based VLP system is proposed where time-averaged RSS values at each photodetector (PD) are employed as the final observation for position estimation. An asynchronous VLP system is designed in [23] , where a Bayesian signal model is constructed to estimate the unknown position based on the entire received signal from multiple LEDs. In addition, there exist several studies that focus on theoretical bounds for ranging and positioning in VLP systems. The CRLB for distance estimation is derived for synchronous [11] , [12] and asynchronous [24] VLP systems. In [9] , the CRLB is derived for RSS based three-dimensional localization for an indoor VLP scenario with arbitrary configurations of LED transmitters and visible light communication (VLC) receivers. In [22] , an analytical CRLB expression is derived for twodimensional RSS-based positioning with a known receiver height. As a novel contribution to visible light based indoor localization, the CRLB derivations presented in this paper take into account both the TOA and RSS information and consider raw measurements (i.e., the entire observed signal at the VLC receiver, not the extracted parameters) as an input to the positioning algorithm.
In this paper, theoretical accuracy limits and corresponding maximum likelihood estimators (MLEs) are derived for three-dimensional localization of a VLC receiver in both synchronous and asynchronous VLP systems. The proposed theoretical bounds and estimators are generic and applicable to any indoor VLP localization scenario. In addition, it is obtained that direct and two-step position estimators are equivalent for asynchronous VLP systems. The derived CRLB expressions differ from those for VLP systems [9] , [22] in the sense that (i) they incorporate time delay information by considering also the synchronous scenario and (ii) derivations are established based directly on the entire received signal, not on the measured/extracted parameters. In addition, the provided bounds have significant differences from those obtained for RF localization systems [14] , [15] , [19] , [20] . The reason is twofold: (i) both TOA and RSS information are used in the considered synchronous VLP system whereas only TOA information is utilized in synchronous RF systems (RSS information is not reliable due to multipath effects) and (ii) Lambertian equation for the channel attenuation factor is available in terms of system parameters for VLP systems whereas no such formula exists for RF systems.
The rest of the paper is organized as follows: Section II presents the VLP system model. CRLBs and MLEs are derived for synchronous and asynchronous systems in Section III and Section IV, respectively. Numerical results are presented in Section V and concluding remarks are provided in Section VI.
II. SYSTEM MODEL A. Received Signal Model
Consider a VLP system in which a number of LED transmitters are employed to estimate the position of a VLC receiver. A line-of-sight (LOS) scenario is assumed between each LED transmitter and the VLC receiver, which is commonly the case for visible light systems [2] , [11] . Then, the received signal at the VLC receiver due to the signal emitted by the ith LED transmitter is formulated as [11] 
where N L denotes the number of LED transmitters, T 1,i and T 2,i determine the observation interval for the signal coming from the ith LED transmitter, α i is the attenuation factor of the optical channel between the ith LED transmitter and the VLC receiver (α i > 0), R p is the responsivity of the photo detector, s i (t) is the transmitted signal from the ith LED transmitter, which is nonzero over an interval of [0, T s,i ], τ i is the time-ofarrival (TOA) of the signal emitted by the ith LED transmitter, and η i (t) is zero-mean additive white Gaussian noise with spectral density level σ 2 . It is assumed that a certain type of multiple access protocol, such as frequency-division or timedivision multiple access, is employed in order to facilitate separate processing of signals from each LED transmitter at the VLC receiver [25] . The noise processes corresponding to the received signals from different LED transmitters are supposed to be independent. It is also assumed that R p and s i (t), i ∈ {1, . . . , N L }, are known by the VLC receiver.
The TOA parameter in (1) is modeled as
where c is the speed of light, ∆ i denotes the time offset between the clocks of the ith LED transmitter and the VLC receiver,
T are three-dimensional column vectors that denote the locations of the VLC receiver and the ith LED transmitter, respectively, and l r − l i t denotes the distance between the ith LED transmitter and the VLC receiver. For a synchronous scenario, ∆ i = 0 for i = 1, . . . , N L , whereas for an asynchronous scenario, ∆ i 's are modeled as deterministic unknown parameters. It is assumed that the signal component in (1) is contained completely in the
In (1), the channel attenuation factor α i is modeled as
where m i is the Lambertian order for the ith LED transmitter, S is the area of the photo detector at the VLC receiver, and n r = [n r,1 n r,2 n r,3 ] T and n
T denote the orientation vectors ('normals') of the VLC receiver and the ith LED transmitter, respectively [9] , [11] . 1 It is assumed that the VLC receiver knows S, n r , m i , l i t , and n i t for i = 1, . . . , N L . For example, the orientation of the VLC receiver, n r , can be determined by a gyroscope and the parameters of the LED transmitters (m i , l i t and n i t ) can be sent via VLC to the receiver.
B. Log-Likelihood Function and CRLB
Considering the received signal model in (1), the loglikelihood function for the received signal vector r(t)
T is obtained as follows [26] , [27] :
where ϕ represents the set of unknown parameters and k is a normalizing constant that does not depend on the unknown parameters. While the set of unknown parameters consists only of the coordinates of the VLC receiver in the synchronous case, it also contains the delay parameters in the asynchronous case, as investigated in Sections III and IV. The CRLB on the covariance matrix of any unbiased estimatorφ of ϕ can be expressed as [28] 
where A B means that A − B is positive semidefinite and J(ϕ) is the Fisher information matrix (FIM) for ϕ, which can be calculated as follows:
with ∇ ϕ representing the gradient operator with respect to ϕ and Λ(ϕ) being the log-likelihood function as defined in (4).
III. POSITIONING IN SYNCHRONOUS SYSTEMS
In the synchronous scenario, the VLC receiver is synchronized with the LED transmitters; that is, ∆ i = 0 in (2) for i = 1, . . . , N L . In this section, the CRLB is derived for synchronous VLP systems, and the direct position estimation is proposed by considering both time delay and channel attenuation information.
A. CRLB
In the synchronous case, α i and τ i are functions of l r only (since ∆ i = 0 in (2)); hence, the set of unknown parameters in (4) is defined as
Then, the CRLB for estimating l r based on r 1 (t), . . . , r NL (t) in (1) is specified by the following proposition. Proposition 1: For synchronous VLP systems, the CRLB on the MSE of any unbiased estimatorl r for the location of the VLC receiver is given by
1 For example, if the VLC receiver is pointing up directly, then nr
where
for k 1 , k 2 ∈ {1, 2, 3} with
(The proofs are not presented due to the space limitation.) The CRLB expression specified by (8)- (14) illustrates the effects of the transmitted signals via the E terms and the impact of the geometry (configuration) via the ∂τ i /∂l r,k and ∂α i /∂l r,k terms. Hence, the theoretical limit on the localization accuracy can be evaluated for any given system based on the provided expression. It should be noted that the CRLB expression in Proposition 1 has not been available in the literature, and provides a theoretical limit for synchronous VLP systems by utilizing information from both channel attenuation factors (RSS) and time delay parameters (TOA). Compared to the CRLB in Proposition 1, those in [11] , [12] , [24] are for distance estimation only, and that in [9] focuses on RSS based localization.
The CRLB expression in Proposition 1 is generic since the LED transmitters and the VLC receiver can have any locations and orientations and the transmitted signals can be in generic forms. Special cases can easily be obtained from (8)- (14) 
From (15), the contribution of the channel attenuation factors and time delays can be observed individually. Namely, the first and the second elements in (15) are related to the location information obtained from the channel attenuation factors and the time delay parameters, respectively. Hence, it is noted that both RSS and TOA parameters are utilized for localization in the synchronous scenario.
B. Direct Positioning
Direct positioning refers to the estimation of the unknown location directly from the received signals without any intermediate steps for estimating location related parameters such as TOA or RSS [14] , [15] , [17] - [21] , [29] . Direct positioning has not been considered before for synchronous VLP systems, which carry significant differences from RF based positioning systems.
In direct positioning, the aim is to estimate the location of the VLC receiver, l r , based on the received signals in (1) . From (4) and (7), the ML estimator for l r can be obtained as follows [28] :
2 dt which can be simplified, after some manipulation, intô
where E i 2 is as defined in (11) . It should be noted that τ i and α i in (16) are functions of l r as specified in (2) (with ∆ i = 0) and (3), respectively. Hence, the direct ML position estimator in (16) searches over all possible values of the unknown position l r based on the relations of l r with the channel attenuation factors and the time delays.
The main advantage of the direct positioning approach in (16) is related to its performance (optimality in the ML sense), as investigated in Section V. On the other hand, it can lead to high complexity in certain applications due to increased storage and communication requirements. For example, if the location estimation should be performance at a central unit, then it becomes cumbersome to transmit all the received signals to the center.
IV. POSITIONING IN ASYNCHRONOUS SYSTEMS
In the asynchronous scenario, the VLC receiver is not synchronized with the LED transmitters; that is, ∆ i in (2) is a deterministic unknown parameter for each i ∈ {1, . . . , N L }. In this section, the CRLB is derived for asynchronous VLP systems, and the direct position estimation and its relation to the two-step position estimation are investigated.
A. CRLB
In an asynchronous VLP system, the unknown parameters include the TOAs of the received signals coming from the LED transmitters in addition to the location of the VLC receiver. Hence, the vector of unknown parameters in (4) for the asynchronous case can be expressed as
Then, the CRLB for estimating l r based on r 1 (t), . . . , r NL (t) in (1) is stated in the following proposition:
Proposition 2: For asynchronous VLP systems, the CRLB on the MSE of any unbiased estimatorl r for the location of the VLC receiver is given by
asy is a 3 × 3 matrix with the following elements:
, and ∂α i /∂l r,k being as defined in (10) , (11), (12) , and (14), respectively.
It is noted from the CRLB expression in Proposition 2 that the position related information in the channel attenuation factors (RSS) is utilized in the asynchronous case for estimating the location of the VLC receiver (see (19) ). On the other hand, information from both the channel attenuation factors (RSS) and the time delay (TOA) parameters is available in the synchronous case as can be noted from Proposition 1. In addition, the CRLB expression presented in Proposition 2 has been obtained for the first time in the literature, which constitutes a novel contribution to localization in asynchronous VLP systems. Since the expression in (19) is derived based on the entire observation signal r(t) in (1), it differs from the CRLB expression in [9] , which derives the CRLB for RSS based localization based on the measured RSS values without directly using the received signal (equation (32), p.6). On the other hand, when E i 3 = 0 for i = 1, . . . , N L , which is valid for many practical pulses, the FIM expression in (19) is equivalent to that in [9] . Hence, the CRLB provided by Proposition 2 also covers the more general case of E i 3 = 0 as compared to the CRLB in [9] , which constitutes a special case of (19) . Indeed, it is proved in Proposition 3 in Section IV-B that the direct positioning approach adopted for derivation of (19) is equivalent to the two-step method for asynchronous VLP systems under the condition E i 3 = 0. This results explains the equivalence of the two expressions in (19) and [9] for practical localization scenarios.
Remark 1: From Proposition 1 and Proposition 2, it is observed that if E , where β i is the effective bandwidth of s i (t), 2 it can be concluded that the synchronous and asynchronous cases lead to similar CRLBs when the transmitted signals have small effective bandwidths. This is an intuitive result because TOA information gets less accurate as the effective bandwidth decreases [5] . 2 The effective bandwidth is defined as
B. Direct and Two-Step Positioning
Direct position estimation involves the estimation of l r , the location of the VLC receiver, directly from the received signals in (1) . From (4), the ML estimator for direct positioning in the asynchronous case can be obtained as follows:
where ϕ is defined by (17) , α i is related to l r as in (3), and E i 2 is given by (11) . Since α i 's are nonnegative and the integral expressions depend only on τ i 's (20), the ML estimates for τ i 's can be calculated aŝ
Then, the ML estimate for l r is obtained from (20) aŝ
whereC i rs is defined as
The following proposition states that the direct position estimator in (22) is equivalent to a two-step position estimator if E (23) .
where α i is as defined in (3). Proposition 3 implies that two-step position estimation is optimal in the ML sense for asynchronous VLP systems; that is, the direct positioning (based on ML estimation) is equivalent to the two-step positioning when E i 3 = 0 for i = 1, . . . , N L . Since s i (0) = s i (T s,i ) for many practical pulses, E i 3 = 0 is encountered in practice (see (12) ); hence, the two-step estimator can be employed in real systems as the optimal approach in the ML sense.
V. NUMERICAL RESULTS In this section, numerical results are presented to validate the theoretical derivations in the previous sections. As in [11] , the responsivity of the photo detector is taken as R p = 0.4 mA/mW, and the spectral density level of the noise is set to σ 2 = 1.336×10 −22 W/Hz. In addition, the Lambertian order is taken as m = 1 and the area S of the photo detector at the VLC receiver is equal to 1 cm 2 . The transmitted signal s(t) in (1) is modeled as [11] s(t) = A (1 − cos (2π t/T s )) (1 + cos(2πf c t)) I t∈[0,Ts] (25) where f c denotes the center frequency, A corresponds to the average emitted optical power; that is, source optical power, and I t∈[0,Ts] represents an indicator function, which is equal to 1 if t ∈ [0, T s ] and zero otherwise. For the network configuration, consider a room with a width, depth and height of [ 8 8 T . In the first simulation, the effect of the LED orientation angle on the performance of synchronous and asynchronous positioning is investigated. The orientation vectors of the LEDs are arranged in such a way that the projection of the LED orientation vectors onto the x − y plane is always on the diagonal line connecting the room corners. More specifically, for an LED orientation angle θ, which is the angle the orientation vector makes with the z-axis (positive angles denote that the LED is directed towards the center of the room), the LED orientation vectors are given by n
√ 2 and n z = − cos(θ). Fig. 1 shows the CRLBs of synchronous and asynchronous positioning systems with respect to the LED orientation angle θ, which are calculated based on Proposition 1 and Proposition 2, respectively. It is observed from Fig. 1 that the highest localization accuracy is achieved around θ = 30
• for both systems, while the lineof-sight vector from the LED transmitter to the VLC receiver results in an angle of 35.3
• with the z-axis. From the CRLB expressions in (9) and (19) , it can be inferred that the CRLBs depend on the SNR via the terms R
, and on the geometry via the terms ∂τ i /∂l r,k and ∂α i /∂l r,k . Hence, although the highest SNR value is attained when the LEDs have the same orientation as the line-of-sight vector to the VLC receiver, the best localization performance is achieved at a different LED orientation due to the impact of the VLP system geometry. Furthermore, the positioning performance of the synchronous system exceeds that of the asynchronous one through the use of time delay information in the synchronous case.
In order to observe the localization performance throughout the entire room, the CRLBs for the synchronous VLP system are computed as the VLC receiver moves inside the room and the resulting contour plot is shown in Fig. 2 . The configuration of the LEDs is the same as the first example except that the LED orientation angles are fixed at θ = 0
• . The CRLB values are obtained for position estimation of a VLC receiver with a fixed height l r,3 = 1 m., moved along the x − y plane over the room. As observed from Fig. 2 , the localization performance decreases as the receiver moves away from the center of the room, which is an expected outcome since that movement leads to an increase in the distance, the incidence angle and the irradiation angle between the VLC receiver and the LED transmitters, thereby reducing the signal strength, as implied by the Lambertian formula in (3). Finally, in Fig. 3 , the CRLBs and the MLEs for synchronous and asynchronous VLP systems are plotted with respect to the source optical power by setting θ = 30
• . It can be inferred from Fig. 3 that the accuracy of synchronous positioning outperforms that of asynchronous positioning since the former takes into account both the time delay information and the channel attenuation factor whereas the latter utilizes only the RSS information. Also, it is observed that the MLEs converge to the corresponding CRLBs at high SNR for both synchronous and asynchronous systems.
VI. CONCLUDING REMARKS
In this paper, the CRLBs and MLEs have been derived for direct position estimation in synchronous and asynchronous VLP systems. The proposed CRLB expressions exploit the entire observation signal at the VLC receiver and can be applied to any VLP system where the LED transmitters and the VLC receiver have arbitrary orientations. Also, the CRLB on the localization accuracy of synchronous VLP systems, which utilizes both the TOA and RSS information, has been derived for the first time in the literature. In addition, the CRLB presented for the asynchronous case generalizes an expression available in the literature to any type of transmitted pulse. Comparative analysis on the performance of synchronous and asynchronous systems indicates that the advantage of synchronous positioning becomes more noticeable as the effective bandwidth of the transmitted pulse increases. Furthermore, it has been obtained that the direct and two-step estimators are equivalent for asynchronous VLP systems. Numerical results have been presented to illustrate the theoretical derivations.
